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ABSTRACT

Curved beams are used as machine or structural ersritb many applications. They can be classifi¢d iwo
categories based on application of load. Curvednsesubjected to In-Plane loads are more familidrare used for crane
hooks, C-clamps etc. The other categories of cubesdns are the ones that are subjected to outogpbads. They find
applications in automobile universal joints, raidgms and many civil structures etc. The formulaiovith respect to
curved beams of second category are not found@énature. The results of this research on semierccurved beam
subjected to out-of-plane loads have revealed soneresting results. For semicircular curved beaubjected to
out-of-plane loads, it is shown that every sectfoeubjected to a combination of transverse stwaef bending moment
and twisting moment. Maximum principal stress oscatr a section 120 degrees from the section congathe loading

line. Moreover it is observed that fixed end okthurved beam is subjected to a state of pure shear
KEYWORDS: Combined Torsion and Bending Stress, Curved Be@uispf-Plane Load, Stress Distribution
INTRODUCTION

Curved beams are the parts of machine members fou@dclamps, crane hooks, frames of presses, nmch
machines, planers automobile components etc. digbtrbeams the neutral axis of the section coawidith its centroidal
axis and the stress distribution in the beam isdinBut in the case of curved beams the neutialadxs shifted towards
the centre of curvature of the beam causing a m@mai distribution of stress. Fonseca et al. [LH&d curved pipes
subjected to in-plane loads, Stefano Lenci et ph[2-d mechanical model of curved beam is analysethem, Saffari et
al.[4] sudies by using circular arc element basedrignometric functions foe in-plane loads, Clieal.[5] investigated
end loaded shallow curved beams of in-plane lopé,ty)z et al.[6] analysed in plane vibrations afved beam having
open crack, Aimin Yu et al.[7] made a work on natiyr twisted curved beams of thin walled sectiolmat tof in plane

loads.

From the formulations available for curved beamgextted to in-plane loads it is clear that at aestisn there
will be a direct normal or shear stress along wiginding stress. We have the formulations to deteratresses for this

case.

Stress analysis of curved beams subjected to epitaok loads also is important as such beams agkingnany
machine and structural applications. An explicitnfialation for curved beam subjected to out-of-pléyael is not found in

literature. This paper attempts to determine thesses induced in such a curved beam.
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Figure 1: Curved Beam with In-Plane Load

Some of the assumptions made to derive expressipnneiple stress for curved beam subjected to-OPlane

load case are as follows,
¢ The radius of curvature is assumed much larger tirasection radius.
e The material is assumed to be linearly elastic.

¢« The beam is assumed to be geometrically planarthe un-deformed axis of the beam is assumee @ tircle

lying in the plane of the beam.

¢ The cross section is assumed to be constant ahdheitsame orientation with respect to the plarth@beam, so

that there is no initial torsion.

Figure 2: Curved Beam with Out-of-Plane Load

FORMULATION FOR OUT-OF-PLANE LOAD CONDITION

Consider a semi circular curved beam of circulassrsection lying in the plane of paper as showfigure 3(a).
The beam is fixed at one end ‘A’ and an out-of-pléoad ‘F’ is applied at the other end ‘B’.
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F = Applied load in N

R, = Outer radius of beam in mm.

R, = Mean radius of beam in mm.

R; =Inner radius of beam in mm.

a = angle made by the section X-X w.r.t loading line

d = diameter at any section X-X .

9

Figure 3 {a}l

! Figure 3 (b)

Figure 3(a): Detailed View of Semi Circular Beam

Figure 3(b): Cross Section of Beam at X-X with Exteme Points Indicated
Figure 3(c): Loads and Moments Acting on Cross Sdoh X-X

Let X-X be a plane passing through the centre ofature and perpendicular to cross section of b Let the
angle made by this plane X-X wit respect to the fead ber as shown in fig 3(b). The effect of Out-Of-Planad F at the
section is to cause i). Transverse shear due ¢éatdiorce F. ii) A bending moment,\ and iii) A twisting moment Jx as

shown in fig 3(c). The magnitudes of the stressmstd these loads can be determined as follows:

Let N be the point of intersection of plane X-X arehtroidal axis of curve beam. From the point Bhat free

end where the Out-Of-Plane load is acting, draime perpendicular to the line ON as shown in figBréet BM= |l and
MN= |2 . Then the bending momentgylat section X-X is given by
M, =F %I, (@)}
And twisting moment ¥y at section X-X is
T =F ><|2 (2)
The transverse shear force F and moments are sinofigure 3(c). From the geometry lengthsand |, can be
determined.
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From the right angle triangle OMB

. M B Il
sihag = ——=
OB R,
And
oM OM
cosg=——=——
OB R,
Therefore,
l, =R, sina

And I, =MN =ON -OM =R, - R, cosa

ie.l, =R, (1-cosx )

Substuting forl, and |, in equation (1) and (2)

M,, =FR, sina ®3)

Ty =FR,(1-cosx) (4)

For any section X-X the extreme points R and Scatial. As at these points the transverse shigassis zero

and bending stress is maximum. And the expressiotrdnsverse

o 3F y 2
h byt =——| 1-| = 5
shear is given by ZA( (er (5)

t=0fory=r,i.e. At point R and S.

Bending stress at R due toMis

M, _ 32FR, sina

(a-b)xx= 7 - 7Td3 (6)

Shear stress due to twisting momegt ©n the outer radius of the cross section

T 16FR (1- cosr |
() == R“nds ™

p

Principal stresses at R are given by,

g,,= {1225“}[sinai\/(sina)2 +(1- cow)z}

. . a
g,=K|singt 25|n5

(8)
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Where, K = {1(73;5“ }

LOCATIONS OF MAXIMUM STRESSES

Maximum Bending Stress

The condition for maximum bending stress is ,

a_J:o
oa

Substuting foré’ from equation (6) we get

32FR, cosr _

md® 0

As F, Ry, d are non zero for a non trivial solution, abegeation is satisfied when
cosa = C

i.e.

= 7—2Tradians or a =90

41

Therefore the bending stress is maximum at thes@estion making an angle90° with respect to loading line.

The variation of bending stress with respeat te shown in figure 4.

Maximum Shear Stress

The condition for maximum shear stress is ,

ﬂ:o
Ja

Substuting fort’ from equation (8) we get

16FR,, sina _

md’® 0

For a non trivial solution, above equation is settswhen
sinad=0

ie.

a = 7radians or a =180

Therefore the torsional shear stress is maximutieatross section making an angtel 8¢
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The variation of torsional shear stress with resfmee is shown in figure 4.
Maximum Principal Stress
The condition for maximum principal stress

00, _
oa

0

Substuting foré,’ from equation (7) we get

0=K(cosx + cosg

K ZFGFRn}tO
m

3
For a non trivial solution, above equation is $egtswhen

(cosa + 005621 F (
a
COSa = — COS—
2
cosa = cos(lSG%

a
a=(180-—
( 2)

a =120

From this we see that the principal stress is marimt the section making angle of 120 degree. Hhniation of

maximum principal stress with respectts shown in figure 4.

Siresses in Mpa
3

o2 (1] 100 220 240 180 180 ame

ain degrees

Figure 4: Plots According to Table 1
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Table 1: Theoretical Values of Principle Stresses R =125mm, d =20mm, F =500 N
mean

A(Deg) Eb(BeRI?I:;]r?I 2Stress) T, (Torsllcﬁ/rII:IIZStress) .(Mpa) %, (Mpa)

10 13.82549 0.60448 13.84486 -0.02639
20 27.2309 2.399552 27.42701 -0.20993
30 39.80892 5.330675 40.4905 -0.7018

40 51.17736 9.308787 52.79276 -1.641B9
50 60.9908 14.21302 64.11077 -3.15085
60 68.95107 19.89435 74.24672 -5.330p8
70 74.81629 26.18016 83.03287 -8.254b57
80 78.40826 32.87946 90.33559 -11.96[71
90 79.61783 39.7887 96.05842 -16.481

100 78.40826 46.69794 100.144 -21.77p6
110 74.81629 53.39724 102.5751 -27.7968
120 68.95107 59.68305 103.3741 -34.458

130 60.9908 65.36438 102.6015 -41.6417
140 51.17736 70.26861 100.354 -49.20PR6
150 39.80892 74.24672 96.76022 -56.97[15
160 27.2309 77.17785 91.97698 -64.75P9
170 13.82549 78.97292 86.18382 -72.3663
180 9.75E-15 79.5774 79.5774 -79.57Y4

RESULTS AND DISCUSSIONS

Results of above analysis are tabulated in Talaledlplotted in figure 4. At any cross section mglkam angled’
the applied force ‘F’ induces transverse sheasstr@rsional shear stress and bending stress.itddgs of these stresses

will be varying over the cross section.

For extreme points R and S on the cross sectioa diametral line perpendicular to plane of curvedrh
(the diametral line containing RS is also paraltelthe loading line), the transverse shear stresseio, bending and
torsional shear stress are maximum. At the extrpoiets P, Q on the diametral line in the plane wfved beam the
magnitude of resultant stress is much smaller amdling stress component is zero at these pointseldre points R and
S are the critical points and it is sufficient tetermine stresses at R for different angtéf the curved beam to obtain

the variation of stresses.

Table 1 tabulates the values of bending stregs forsional shear stresg)( and maximum principal stress,)
and minimum principal stress at points R for different values afvarying from 18 to 180. From the table it is clear
that the magnitude of bending stress increasesugligdfrom the loading point and becomes maximumtf@ section
which makes an angte= 9@ with loading end and then it decreases gradualliyjteecome zero at the fixed end. Torsional
shear stress also increases gradually iasrease and is maximum at the fixed end. Theegbf principal stresses at the
extreme points R on the cross section for diffeergleso shown that, the maximum principal stresss tensile in nature
and minimum principal stress, is compressive. Magnitude of maximum principaéss$r increases gradually from the
loading and acquires maximum valuexat 120 and then decreases and becomes equal to maxinmsiontd shear stress
at the fixed end. The minimum principal stress @&eguits minimum value at the fixed end. At theefixend the magnitude
of maximum principal stress is numerically equalthie minimum principal stress but is of oppositgnsiThis clearly

indicates that at the fixed end of semi circulaarhesubjected to out-of-plane load a state of poeaisprevails.
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The plots of above stresses at the critical poitt vespect to the angke as shown in figure 4, substantiate the

above results.
CONCLUSIONS

Stress analysis of a semi circular curved beainetween 0 to 180 degree) fixed at one end ancestduj to an
out-of plane load is presented. It is shown thatrgsection of the beam is subjected to a comhinaif transverse shear
force, bending moment and a twisting moment. Maximprincipal stress neither occurs at fixed end aaod at the
farthest point from loading line. It occurs at atin a= 120 with respect to free end. Also it is shown thatate of pure
shear prevails at the fixed end. These results mapertant bearing on type of cross section that loa used for curved

beams subjected to out-of-plane load.
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